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Input: Set X ⊂ Zd , additional inputs z .

Output: P (X; z).

Problem succinct-P .
Input: Set A;B ⊂ Zd , additional inputs z .

Output: P (X = A+ B; z).

Why? Problems occur naturally, X+Y sorting, X+Y Selection, Pareto Sum

"Compression viewpoint". Given X = A+ B, where |A| = |B| = n.
Possibly |X| = n2 =⇒ more to efficent to work with A;B if we can avoid decompressing

An easy succinct Problem: Convex hull: conv(A+ B) = conv(A) + conv(B).

A+ B := {a+ b : a ∈ A; b ∈ B}
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4-SUM hypothesis:

In 1-Dimension

Sets A;B; C;D of integers of size n, there is no O(n2−›) algorithm to decide 4-SUM i.e:
∃a ∈ A∃b ∈ B∃c ∈ C∃d ∈ D : a+ b + c + d = 0:
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Another hard problem: 2-D Succinct-Skyline /Pareto Sum:
Def: X = A+ B ⊆ Z2 succ. defined, compute set PS(A;B) := {x ∈ X = A+ B | ¬∃x ′ ̸= x : x ′ ≥ x}.

X = A+ B := {a+ b : a ∈ A; b ∈ B} black points.

 
A ⊆ Z2 B ⊆ Z2

+

PS(A;B) orange points.,

Lower bounds known, [GK25, FHSST24] (promise output size Θ(n)). Outp. sens UB in time Õ(nk). [FHSST23]
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Upper bound Tool:
Let ’(a; b; c) be a linear arithmetic formula.

All-ints FOPZ queries

Sets A ⊆ Zd1B ⊆ Zd2C ⊆ Zd3 ; |A| = |B| = n; |C| = k

Determine for each c ∈ C whether ∃a ∈ A∃b ∈ B : ’(a; b; c).
→ Õ(1) calls All-ints 3-SUM(n; n; k). [GK25]

All-ints ’.

Examples: ’1(a; b; c) := a+ b + c = 0,
’2(a; b; c) := c[0] ≤ a+ b ≤ c[1]
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Let All-ints 3-SUM(n; n; k) in time T (n; k).

Let C′ = {(si ; ei ; ‹i ) : i ∈ {1; : : : ; k}}. All-ints FOPZ query:

∃a ∈ A∃b ∈ B : c:s ≤ a:x + b:x ≤ c:e ∧ a:y + b:y ≥ c:‹

Parallel binary search all ‹i in time O(log(U)).

Let ‹∗ be optimal y -value. Bsearch again on ‚ to find rightmost matching x-value.

Subroutine:

I1 I2 Ik:::

a+ b



(Multivariate) k-SUM as barrier to Succinct computation7

Lemma: Given A;B ⊆ Z2 and Intervals I1 = [s1; e1]; : : : Ik = [sk ; ek ].
Determining for each interval Ij the highest point a+b with x-coord. inside
Ij possible in Õ(T (n; k)).

Let All-ints 3-SUM(n; n; k) in time T (n; k).

Let C′ = {(si ; ei ; ‹i ) : i ∈ {1; : : : ; k}}. All-ints FOPZ query:

∃a ∈ A∃b ∈ B : c:s ≤ a:x + b:x ≤ c:e ∧ a:y + b:y ≥ c:‹

Parallel binary search all ‹i in time O(log(U)).

Let ‹∗ be optimal y -value. Bsearch again on ‚ to find rightmost matching x-value.

Let C′ = {(si ; ei ; ‹∗i ; ‚i ) : i ∈ {0; : : : ; k}}.

Subroutine:

I1 I2 Ik:::

a+ b



(Multivariate) k-SUM as barrier to Succinct computation7

Lemma: Given A;B ⊆ Z2 and Intervals I1 = [s1; e1]; : : : Ik = [sk ; ek ].
Determining for each interval Ij the highest point a+b with x-coord. inside
Ij possible in Õ(T (n; k)).
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2-D Pareto Sum → All-ints 3-SUM(n; n; k).

Start with interval I = [−M;M],

Halve the intervals and compute highest rightmost-points.

Disregard intervals which have a higher point to the right.

After logarithmically many steps intervals of size 1.

O(log(U)) many All-ints FOPZ queries.

Every interval has atleast one Pareto Sum point.

No more than 2k active segments.
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3-SUM

4-SUM

Succinct Skyline

All-ints-MixedConv(n; n; k)
Orthgonal Range Search

Bi. L∞ closest pair

EqDist

Mono. L∞ closest pair

All-ints-3-SUM(n; n; k)

Succinct Batched

Succinct

Succinct

Succinct maximum
independent set in
unit interval graphs

Succinct maximal
independent set in
unit interval graphs

Succinct Q-Skyline

All results



(Multivariate) k-SUM as barrier to Succinct computation11

Open Problems: Fast approximation of X as A+ B.



(Multivariate) k-SUM as barrier to Succinct computation11

Open Problems: Fast approximation of X as A+ B.
Equivalence All-ints 3-SUM(n; n; k) and 3-SUM(n; n; k) ?



(Multivariate) k-SUM as barrier to Succinct computation11

Open Problems: Fast approximation of X as A+ B.
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Equivalence All-ints 3-SUM(n; n; k) and 3-SUM(n; n; k) ?
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S
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«
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Verifying Dominance by Computing Pareto Sum.
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Define H := A∗ ∪
„
C∗ +

ȷ„
1000kM
−1000kM

«ff«
, G := B∗ ∪

ȷ„
−1000kM
+1000kM

«ff
, abbreviate w =

„
−1000kM
+1000kM
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Verifying Dominance by Computing Pareto Sum.

Crucial step !!!
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(A∗ + B∗); C∗  

A′ = {a+ 100iM : i ∈ {0; : : : ; k}a ∈ A[i ]}B′ = {b + 100iM : i ∈ {0; : : : ; k}b ∈ b[i ]} C′ = {c[i ] + 100iM : i ∈ {0; : : : ; k}}

A∗ =

ȷ„
a′

−a′
«

: a′ ∈ A′
ff
; B∗ =

ȷ„
b′

−b′
«

: b′ ∈ B′
ff
; C∗ =

S
c′∈C′

ȷ„
c ′ − 1

−(c ′ − 1− 2M)

«
;

„
c ′ + 1 + 2M
−(c ′ + 1)

«ff

„
+100iM
−100iM

«

„
+100(i − 1)M
−100(i − 1)iM

«

„
+100kM
−100kM

«

„
0
0

«

Verifying Dominance by Computing Pareto Sum.
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A′ = {a+ 100iM : i ∈ {0; : : : ; k}a ∈ A[i ]}B′ = {b + 100iM : i ∈ {0; : : : ; k}b ∈ b[i ]} C′ = {c[i ] + 100iM : i ∈ {0; : : : ; k}}
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«
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; B∗ =

ȷ„
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−b′
«
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ff
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c′∈C′

ȷ„
c ′ − 1

−(c ′ − 1− 2M)

«
;

„
c ′ + 1 + 2M
−(c ′ + 1)

«ff

Cluster
„

100iM
−(100iM)

«
 „

c[i ] + 100iM
−c[i ] − 100iM

«
= a′ + b′

„
c[i ] + 100iM − 1
−(c[i ] + 98M − 1)

«

„
c[i ] + 102iM + 1

−c[i ] − 100iM − 1

«

Verifying Dominance by Computing Pareto Sum.
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A∗ =

ȷ„
a′

−a′
«

: a′ ∈ A′
ff
; B∗ =

ȷ„
b′

−b′
«

: b′ ∈ B′
ff
; C∗ =

S
c′∈C′

ȷ„
c ′ − 1

−(c ′ − 1− 2M)

«
;

„
c ′ + 1 + 2M
−(c ′ + 1)

«ff

Cluster
„

100iM
−(100iM)

«
 „

c[i ] + 100iM
−c[i ] − 100iM

«
= a′ + b′

„
c[i ] + 100iM − 1
−(c[i ] + 98M − 1)

«

„
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«

3 pareto points in this cluster ⇐⇒ exists 3-SUM triple for index i

Verifying Dominance by Computing Pareto Sum.


