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Output: da; € A;,...,ax € Acsuchthata; +--- + ax = t7?
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2 G.Gokaj, M.Kinnemann —Completeness Theorems for k-SUM and Geometric Friends KIT



2

AT

Karlsruher Institut fur Technologie

The k-SUM problem
Input: Sets A, Ay, ... A C Z of size at most n.
Output: da; € A;,...,ax € Acsuchthata; +--- + ax = t7?

Meet-in-the-middle algorithm in O(n'*/21).

3-SUM (in O(n”))barrier in computational geometry since [Gajentaan, Overmars, 95].
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Input: Sets A, Ay, ... A C Z of size at most n.
Output: da; € A;,...,ax € Acsuchthata; +--- + ax = t7?

Meet-in-the-middle algorithm in O(n'*/21).

3-SUM (in O(n”))barrier in computational geometry since [Gajentaan, Overmars, 95].

3-SUM hypothesis: There is no algorithm solving 3-SUM in time O(n*?99%%).
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Meet-in-the-middle algorithm in O(n'*/21).

3-SUM (in O(n”))barrier in computational geometry since [Gajentaan, Overmars, 95].

3-SUM hypothesis: Let € > 0. No algorithm for 3-SUM in time O(n*~¢).
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The k-SUM problem
Input: Sets A, Ay, ... A C Z of size at most n.
Output: da; € A;,...,ax € Acsuchthata; +--- + ax = t7?

Meet-in-the-middle algorithm in O(n'*/21).

3-SUM (in O(n”))barrier in computational geometry since [Gajentaan, Overmars, 95].

3-SUM hypothesis: Let € > 0. No algorithm for 3-SUM in time O(n*~¢).

k-SUM hypothesis: Let e > 0. No algorithm solving the k-SUM problem in time O(n'*/21=¢).
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Our research question:
What is the most general class of problems, which is captured by the k-SUM (3-SUM) problem?
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What is the most general class of problems, which is captured by the k-SUM (3-SUM) problem?

How to approach finding such a class of problems ?

~ Inspired by descriptive Complexity Theory. Con-
struct a class of logical problems. Similar to OV

[Gao, Impagliazzo, Kolokolova, Williams,19].
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What is the most general class of problems, which is captured by the k-SUM (3-SUM) problem?

How to approach finding such a class of problems ? How to formalize the notion of "captures"?
~ Inspired by descriptive Complexity Theory. Con- ~> The notion of fine-grained completeness.

struct a class of logical problems. Similar to OV
[Gao, Impagliazzo, Kolokolova, Williams,19].
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Building a class of problems
W3-SUM:dac Adbe BdceC:a+b=c

W Average: day €e Aday € Adas € A a1 +ax =2a3Na1 # ax N\ ax # a3
® Universal 3-SUM:Vac€ Adbe Bdce€C:a+b=c
® Vector 3-SUM: 34 € A13& € A3a € As - AL, aili] + ao[i] = as]i]
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W3-SUM:dac Adbe BdceC:a+b=c

W Average: day €e Aday € Adas € A a1 +ax =2a3Na1 # ax N\ ax # a3
® Universal 3-SUM:Vac€ Adbe Bdce€C:a+b=c
® Vector 3-SUM: 34 € A13& € A3a € As - AL, aili] + ao[i] = as]i]

Let ¢ := Q11 € A1 ... Qrak € Ak : p(ai1[l], ... a1[d1], ..., ak[dk]), where g is a linear arithmetic formula.
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W Average: day €e Aday € Adas € A a1 +ax =2a3Na1 # ax N\ ax # a3
® Universal 3-SUM:Vac€ Adbe Bdce€C:a+b=c
® Vector 3-SUM: 34 € A13& € A3a € As - AL, aili] + ao[i] = as]i]

Let ¢ := Q11 € A1 ... Qrak € Ak : p(ai1[l], ... a1[d1], ..., ak[dk]), where g is a linear arithmetic formula.

Definition: The model-checking problem FOPz(¢):
Input: Sets A; ... Ax.

Output: Does ¢ hold for the sets A;, ... Ak ?
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Let ¢ := Q11 € A1 ... Qrak € Ak : p(ai1[l], ... a1[d1], ..., ak[dk]), where g is a linear arithmetic formula.

Definition: The model-checking problem FOPz(¢): The class FOP; := |, FOPz(¢)
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Let ¢ := Q1a1 € A1 ... Quak € Ak s p(ai[l], ... a[d1], ..., ak[dk]), where ¢ is a linear arithmetic formula.

Definition: The model-checking problem FOPz(¢): The class FOP; := |, FOPz(¢)
Input: Sets A; ... Ax.

Output: Does ¢ hold for the sets A;, ... Ak ?

Differentiate by quantifer structure of ¢. E.g FOP,(J44), all problems where Q1 = Q> = Q3 = Jin ¢.
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u<v:< foralli: a[i] < v[i]
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Geometric Friends
u<v:< foralli: a[i] < v[i]

[Funke et al.,24] [Arhgues et al.,13],[Schulze et al., 19]
Definition: Pareto Sum Computation: Given point sets A, B C Z¢ of size n. Compute C s.t:

5 G.Gokaj, M.Kinnemann —Completeness Theorems for k-SUM and Geometric Friends KIT



AT

Karlsruher Institut fur Technologie

Geometric Friends

u<v:< foralli: a[i] < v[i]
[Funke et al.,24] [Arhgues et al.,13],[Schulze et al., 19]
Definition: Pareto Sum Computation: Given point sets A, B C Z¢ of size n. Compute C s.t:

A
A A °
o
(N
A L N L
o _I_ ) PP
[ [ o
[ J [ J [ J
> ° > >
A C 72 B C 72 A+ B:={a+b:ac A bec B} black points.
; B Pareto Sum of A+ B , nondominated points.
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Definition: Pareto Sum Computation: Given point sets A, B C Z¢ of size n. Compute C s.t:
mVY3ec AVb € B3¢ € C: 3+ b < ¢ (Pareto Sum Verification),

WY e C33e€ A3be B: &= a+ b(Inclusion),
m No distinct ¢, &’ € C, where ¢ < &' (Minimality).

A
A A °
o
(N
A L N L
o _I_ ) PP
[ [ o
[ J [ J [ J
> ° > >
A C 72 B C 72 A+ B:={a+b:ac A bec B} black points.
; B Pareto Sum of A+ B , nondominated points.

5 G.Gokaj, M.Kinnemann —Completeness Theorems for k-SUM and Geometric Friends KIT



AT

Karlsruher Institut fur Technologie

Geometric Friends
u<v:< foralli: a[i] < v[i]
[Funke et al.,24] [Arhgues et al.,13],[Schulze et al., 19]

Definition: Pareto Sum Computation: Given point sets A, B C Z¢ of size n. Compute C s.t:
mVY3ec AVb € B3¢ € C: 3+ b < ¢ (Pareto Sum,Verification),

WY e C33e€ A3be B: &= a+ b(Inclusion), f
® No distinct ¢, &’ € C, where ¢ < &'(Minimality)

A
A A °
o
(N
A L N L
o _I_ ) PP
[ [ o
[ J [ J [ J
> ° > >
A C 72 B C 72 A+ B:={a+b:ac A bec B} black points.
; B Pareto Sum of A+ B , nondominated points.

5 G.Gokaj, M.Kinnemann —Completeness Theorems for k-SUM and Geometric Friends KIT



AT

Karlsruher Institut fur Technologie

Definition: The directed Hausdorff Distance under the L., metric of two sets B, C C R is
4(B,C) := maxmin |b — €|

pbeB ceC
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Definition: The directed Hausdorff Distance under the L., metric of two sets B, C C R is
4(B,C) := maxmin |b — €|

pbeB ceC

Definition: The Hausdorff Distance under Translation computes

min, 72 p (8. €+ {7)

[Bringmann, Nusser, 22][Chan,23] [Chew, Kedem, 92] [Chew et al., 95] and more
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Definition: The directed Hausdorff Distance under the L., metric of two sets B, C C R is
4(B,C) := maxmin |b — €|

pbeB ceC

Definition: The Hausdorff Distance under Translation computes

min, 72 p (8. €+ {7)

[Bringmann, Nusser, 22][Chan,23] [Chew, Kedem, 92] [Chew et al., 95] and more

Definition: Hausdorff Distance under m Translations problem, given e whether for |A| = m.
mig max mig (B, C+{1}) <e
TC €b cc

Context of Approximation Algorithms [Wenk,02]
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Fine-grained completeness
Definition:

Given: C intime T¢(n) and a class of problems C in time T¢(n).

C fine-grained complete for the class C : «— ® C €,
m C solvable in time T¢(n)'~< then all problems P in C in

time Te(n)* .
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Fine-grained completeness
Definition:

Given: C intime T¢(n) and a class of problems C in time T¢(n).

C fine-grained complete for the class C : «— ® C €,
m C solvable in time T¢(n)'~< then all problems P in C in

time Te(n)* .

Why fine-grained completeness?

® Algorithmic consequences,
® Class-based hardness.
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The k-SUM problem is complete for the class of problems FOPz(3%).
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Lemma: The Hausdorff Distance under n Translations (HunT) problem is for the class FOPz(3v3).

8 G.Gokaj, M.Kinnemann —Completeness Theorems for k-SUM and Geometric Friends KIT



AT

Karlsruher Institut fur Technologie

Qur results:
Theorem:

The k-SUM problem is complete for the class of problems FOPz(3%).

Lemma: The Hausdorff Distance under n Translations (HunT) problem is for the class FOPz(3v3).
Lemma: Pareto Sum Verification (VW3 : a1 + a» < az) is for the class FOPz(VV3).
FOPz(Vdd) FOPz(3v3) |All 3-quantifier classes
FOPz(345) FOPz(VV3)
A+ B C C +[t]
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The k-SUM problem is complete for the class of problems FOPz(3%).

Lemma: The Hausdorff Distance under n Translations (HunT) problem is

Lemma: Pareto Sum Verification (VW3 : a1 + a» < a3) is

for the class FOPz(3v3).

for the class FOPz(VV3).

FOPz(V3d)

FOPZ(3v3)

FOP2(333)

FOPz(VVv3)

A+ B C C+[t]

All 3-quantifier classes
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The k-SUM problem is complete for the class of problems FOPz(3%).

Lemma: The Hausdorff Distance under n Translations (HunT) problem is
for the class FOPz(VV3).

Lemma: Pareto Sum Verification (VW3 : a1 + a» < a3) is

for the class FOPz(3v3).
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Quantifier switches:
Lemma: (V33 — 333)

Lemma: (333 — VV3)
3-SUM <, A+ BC C+{0,..., t}.
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The k-SUM problem is complete for the class of problems FOPz(3%).

Lemma: The Hausdorff Distance under n Translations (HunT) problem is
for the class FOPz(VV3).

Lemma: Pareto Sum Verification (VW3 : a1 + a» < a3) is
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Quantifier switches:

Lemma: (V33 — 333)

Lemma: (333 — VV3)

3-SUM<; A+ BC C+H{o,..., t}.
Theorem:

HunT and PSV as pair complete for FOP3
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Can we reduce other quantifier structures to 3-SUM? Yes (only for small inequality dimension).
Theorem: 3-SUM complete for problems in FOP3 with inequality dimension at most 3.
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Can we reduce other quantifier structures to 3-SUM? Yes (only for small inequality dimension).
Theorem: 3-SUM complete for problems in FOP3 with inequality dimension at most 3.

Definition: LIA formula ¢ has inequality dimension 3 if equivalent to a ¢’, with at most 3 atoms.
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Can we reduce other quantifier structures to 3-SUM? Yes (only for small inequality dimension).
Theorem: 3-SUM complete for problems in FOP3 with inequality dimension at most 3.

Definition: LIA formula ¢ has inequality dimension 3 if equivalent to a ¢’, with at most 3 atoms.

FOPz(V33d)

FOP,(333)
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FOPz(3v3)

FOPz(VV3)

A+ B C C+t]
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Can we reduce other quantifier structures to 3-SUM? Yes (only for small inequality dimension).
Theorem: 3-SUM complete for problems in FOP3 with inequality dimension at most 3.

Definition: LIA formula ¢ has inequality dimension 3 if equivalent to a ¢’, with at most 3 atoms.

FOPz(V33) FOPz(3v3)
FOPz(333) | FOP(Vv3)
A+ B C C + [t]

Proof counts witnesses to check quantifier structure. Crucially uses #3-SUM =, 3—SUM [Chan, Willliams, Xu,23].
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Big open question: HunT — PSV?

FOPz(V33) FOPz(3v3)
FOPz(333) | FOP(Vvv3) 000
A+BCC+I[t L
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Big open question: HunT — PSV?

FOP,(V39) FOPz(3v3)
Thank you!
FOPz(333) | FOPz(VVv3) 297
A+ B CC+It] o
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